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Abstract
We introduce a closed-form expression for the overlap between two different Cartesian beams.
In the course of obtaining this expression, we establish a linear relation between the overlap of
circular beams with azimuthal symmetry and the overlap of Cartesian beams such that the
knowledge of the former allows the latter to be calculated very easily. Our formalism can be
easily applied to calculate relevant beam parameters such as the normalization constants, the
M2 factors, the kurtosis parameters, the expansion coefficients of Cartesian beams, and
therefore of all their relevant special cases, including the standard, elegant, and generalized
Hermite–Gaussian beams, cosh-Gaussian beams, Lorentz beams, and Airy beams, among
others.
Keywords: Cartesian beams, intensity moments, M2 factor, kurtosis, Appell, hypergeometric
functions
1. Introduction
Finding explicit expressions for the overlap integrals and
higher-order moments of optical beams is of importance to
characterize and analyze the behavior of the beams from a
theoretical and also a practical point of view. In a recent
paper [1], we introduced a very general and closed-form
expression for the overlap and moments between two different
beams with azimuthal symmetry, i.e. circular beams [2]. This
expression was used to calculate relevant beam parameters
such as the higher-order moments, the normalizations, the M2
factors, the kurtosis parameters, and the expansion coefficients
between all the special cases of circular beams.
On the other hand, Cartesian beams (CB) were introduced
by Bandres and Gutie´rrez-Vega as the general solution of
the paraxial wave equation in Cartesian coordinates [3].
Besides the possibility of obtaining novel and meaningful
beam structures, one of the most important aspects of
Cartesian beams is that, for special values of their parameters,
they reduce to known families of optical beams including
the standard, elegant, and generalized Hermite–Gaussian
beams [4], cosine-Gaussian and cosh-Gaussian beams [5],
Lorentz beams [6, 7], fractional-order elegant Hermite–
Gaussian beams [8], and Airy beams [9, 10]. Finding general
properties of Cartesian beams is a way to characterize all these
special cases at the same time.
In this paper, we establish a relation between the overlap
of the circular beams [2] and the overlap of Cartesian beams [3]
such the knowledge of the former allows to calculate very
easily the latter. We apply this connection to determine the
explicit expression for the 2ν-order overlap
σ
(2ν)
1,2 =
∫ ∞
−∞
x2νU1(x)U
∗
2 (x) dx, (1)
between two Cartesian beams U1(x) and U2(x) with arbitrary
parameters. Finding σ (2ν)1,2 contributes to the general
characterization of Cartesian beams, and also provides an
unified expression for calculating relevant beam parameters
such as the higher-order moments, the normalizations, the M2
factors, the kurtosis parameters, and the expansion coefficients
between all the relevant special cases mentioned above. We
remark that the expressions for the overlaps and intensity
moments are numerically valid even for complex values of the
order 2ν. However, since physical meaning and applications
of the overlaps and moments with real integer values of 2ν
are important and well known in beam optics, in this paper
we restrict ourselves to discussing in detail this situation
for Cartesian beams. Definitely, the possibility of having
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analytical expressions for overlaps with fractional and even
complex orders, allows one to extend the analysis and give new
physical interpretations for the overlaps of Cartesian beams.
2. Definition of a Cartesian beam
The transverse distribution at the output plane of a paraxial
ABCD system of even and odd Cartesian beams is described
by the confluent hypergeometric function 1F1(a, b; x) as
follows [3]:
tUβ(x; q, p) = ζt (Px2)(t−1/2)/2 1F1(β, t; Px2) exp
(
ikx2
2q
)
,
(2)
where t is the parity parameter defined by
t ≡
{
1/2, for even (e) beams,
3/2, for odd (o) beams,
(3)
k is the wavenumber, β ∈ C is a complex parameter, and
P = P(q, p) ≡ ik
2
(
1
p
− 1
q
)
. (4)
Cartesian beams are characterized by two complex beam
parameters (q, p) whose values at the output plane of the
system are related to their values (q0, p0) at the input plane
(z = 0) by the usual bilinear transformations
q = Aq0 + B
Cq0 + D , p =
Ap0 + B
Cp0 + D . (5)
In (2), the factor
ζt ≡ (A + B/q0)
β−(t+1/2)/2
(A + B/p0)β−(t−1/2)/2 , (6)
is an overall amplitude factor arising from the propagation of
the beam through the ABCD system. In general, the fulfilment
of the conditions
Im(1/q0) > 0, Im(1/p0) > 0, (7)
ensures the finiteness of the beam power across the whole
transverse plane [2]. The second condition in (7) is
not necessary for the special case of generalized Hermite–
Gaussian beams for which Im(1/p0) can take any value.
The free space propagation of Cartesian beams along a
distance z can be directly obtained from (2)–(6) by replacing
the values [A, B;C, D] = [1, z; 0, 1]. Equation (2) reduces to
known families of optical beams with rectangular symmetry
for some special values of the parameters (β, q0, p0). For
reference purposes, in the appendix we include a table of these
special cases and the explicit expressions for their propagations
and quality factors M2. It should be mentioned that Cartesian
beams were also discussed by Torre [11, 12] employing a Lie
algebra formalism.
3. Overlap and 2ν-order intensity moments of
Cartesian beams
To evaluate the overlap integral (1) for Cartesian beams (2)
consider the transverse field of two different beams at the
output plane of an ABCD system, i.e.
t1U1 = t1Uβ1(x; q1, p1), t2U2 = t2Uβ2(x; q2, p2), (8)
where (q j , p j), j = {1, 2}, are given by (5).
Due to the even and odd parities of Cartesian beams, it is
convenient to consider separately the following cases:
(i) Overlap between beams with the same parity, t1 = t2 = t ,
i.e.
tσ
(2ν)
1,2 =
∫ ∞
−∞
x2ν tU1 tU∗2 dx (9a)
= [1 + (−1)2ν]
∫ ∞
0
x2ν tU1 tU∗2 dx . (9b)
This relation holds for complex values of ν, but note that
tσ
(2ν)
1,2 vanishes for 2ν = 1, 3, 5, . . ..
(ii) Overlap between beams with opposite parity, t1 = 1/2,
t2 = 3/2, i.e.
eoσ
(2ν)
1,2 =
∫ ∞
−∞
x2ν eU1 oU∗2 dx (10a)
= [1 − (−1)2ν]
∫ ∞
0
x2ν eU1 oU∗2 dx . (10b)
This relation holds for complex values of ν, but note that
eoσ
(2ν)
1,2 vanishes for 2ν = 0, 2, 4, . . ..
3.1. Overlap between Cartesian beams with the same parity
and its relation with the overlap of Circular beams
Let us first concentrate our attention on the overlap between
beams with the same parity. Actually, this is the most important
situation because it encompasses, as particular cases, the
higher-order intensity moments of Cartesian beams.
By substituting the expressions (2) into (9b) and
comparing the resulting integral with (8)–(9) of [1] we find
that the overlap tσ
(2ν)
1,2 of the Cartesian beams tUβ(x; q, p)
is proportional to the overlap Q(2ν)1,2 of the Circular beams
Umβ (r, θ; q, p) according to the following relation:
tσ
(2ν)
1,2 = aQ (2ν)1,2 |m=t−1, (11)
where
a ≡ 1
2π
[1 + (−1)2ν](P01P∗02)1/4, (12)
is a proportionality constant, P01, P02 are the values of the
beam parameters P1, P2 at z = 0, and the overlap Q(2ν)1,2 of
the Circular beams evaluated at m = t − 1 is given by [1]
Q(2ν)1,2 |m=t−1 = π(ν + t)ζ1ζ ∗2
(P1P∗2 )
(t−1)/2
(S12)ν+t
× F2
(
ν + t; β1, β∗2 ; t, t;
P1
S12
,
P∗2
S12
)
, (13)
with F2(a; b, b′; c, c′; x, y) denoting the F2 Appell hypergeo-
metric function [1, 13, 14] and S12 ≡ ik(1/q∗2 − 1/q1)/2.
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The 2ν-order intensity moment of the Cartesian beams is
obtained by setting U1 = U2 = Uβ in (11), we have
tσ
(2ν) = bQ(2ν)|m=t−1, (14)
where
b ≡ 1
2π
[1 + (−1)2ν]|P0|1/2, (15)
is the proportionality constant, Q(2ν) is the 2ν-order intensity
moment of the Circular beams [1]
Q(2ν)|m=t−1 = π(ν + t)|ζt |
2|P|t−1
Sν+t
× F2
(
ν + t; β, β∗; t, t; P
S
,
P∗
S
)
, (16)
and
S ≡ k Im(1/q), (17)
is a positive real quantity.
Equations (11) and (14) constitute an important and
useful result of this paper. Because the overlaps of the
Cartesian and Circular beams are proportional to each other,
all the results reported in [1] for the Circular beams can be
straightforwardly applied to the case of the Cartesian beams.
Furthermore, because the proportionality constants a and b
do not depend on the propagation distance, the behavior of
the overlaps and higher-order moments of the Cartesian beams
upon propagation is exactly the same as that of the Circular
beams. In what follows, since all results can be easily derived
from [1], we will omit the details of the derivation and give
only the most important results for the Cartesian beams.
The beam power tσ (0) of the Cartesian beams corresponds
to the zeroth-order intensity moment and is calculated by
setting ν = 0 in (14). The identity (9.182.3) of [14]
allows us to rewrite tσ (0) in terms of the conventional Gauss
hypergeometric function F = 2F1(a, b; c; x) as follows:
tσ
(0) =
∣∣∣∣ (t)a¯c¯2β b¯1/2−t
∣∣∣∣F(β, β∗; t; w¯), (18)
where the overlined quantities
a¯ ≡
∣∣∣∣ 1
(A + B/q0)
√
S
∣∣∣∣ = 1√S0 , (19a)
b¯ =
∣∣∣∣ (A + B/p0)(A + B/q0)
P
S
∣∣∣∣ =
∣∣∣∣ P0S0
∣∣∣∣, (19b)
c¯ ≡
(
1 − P
S
)
A + B/p0
A + B/q0 = 1 −
P0
S0
, (19c)
w¯ ≡
∣∣∣∣ PS − P
∣∣∣∣
2
=
∣∣∣∣ P0S0 − P0
∣∣∣∣
2
, (19d)
represent quantities whose values remain invariant under
propagation through paraxial systems characterized by
unimodular ABCD matrices (i.e. AD − BC = 1) with real
elements.
As occurs for the Circular beams [1], the 2n-order moment
of the Cartesian beams can also be evaluated using the
recursive relation
tσ
(2n) = − d
dS
tσ
(2n−2) =
(
− d
dS
)n
tσ
(0),
n = 1, 2, 3, . . . , (20)
which is valid for both even and odd parities. For example,
by differentiating tσ (0) (18) with respect to −S we obtain the
following expressions for the second-order intensity moments
of the Cartesian beams.
(i) Beams with even parity (t = 1/2)
eσ
(2)
β = −
d eσ
(0)
β
dS
= eGβ eσ (0)β + eHβ oσ (0)β+1, (21)
where eσ
(0)
β and oσ
(0)
β+1 are the powers of the beams eUβ
and oUβ+1, respectively, and the factors eGβ and eHβ
depend on the beam parameters upon
eGβ ≡ Re
[
2β
S
(
P
S − P
)
+ 1
2S
]
, (22)
eHβ ≡ Re
[
8|β|2 |P|
S(S − P)
∣∣∣∣ A + B/p0A + B/q0
∣∣∣∣
]
. (23)
(ii) Beams with odd parity (t = 3/2)
oσ
(2)
β = −
d oσ
(0)
β
dS
= oGβ oσ (0)β + oHβ eσ (0)β+1 + oEβ oσ (0)β+1,
(24)
where oσ
(0)
β , eσ
(0)
β+1 and oσ
(0)
β+1 are the powers of the beams
oUβ , eUβ+1, and oUβ+1 respectively, and the factors oGβ ,
oHβ and oEβ depend on the beam parameters as
oGβ ≡ Re
[
3
2S
+ 2βP
S2c¯
(
A + B/p0
A + B/q0
)]
, (25)
oHβ ≡ Re
[
−
∣∣∣∣ β1/2 − β
∣∣∣∣
2 |c¯2|
S − P
(w¯ − 1)b¯
2
]
, (26)
oEβ ≡ Re
[
−
∣∣∣∣ β1/2 − β
∣∣∣∣
2 |c¯2|
S − P (1 + 4w¯Reβ)
]
. (27)
3.2. Fourier transform of a Cartesian beam and its 2ν-order
moment t σ˜ 2ν
We now determine the 2ν-order moment of the power spectrum
of the Cartesian beam. Let kx be the transverse position in
Fourier space. The one-dimensional Fourier transform
U˜(kx) = 1√
2π
∫ ∞
−∞
U(x) exp(−ikxx) dx, (28)
can be obtained by propagating the beam U(x) through a
classical 2 f optical system characterized by the ABCD matrix
[0, k; −1/k, 0]. Replacing the corresponding values into (2)–
(6) we get
t U˜β(kx) = (i/kx) tUβ(kx ; q˜, P˜; ζ˜t), (29)
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where
q˜ ≡ −k
2
q
, p˜ ≡ −k
2
p
, P˜ ≡ i(q − p)
2k
, (30)
and
ζ˜t ≡ (C + D/q0)
β−(t+1/2)/2
(C + D/p0)β−(t−1/2)/2 . (31)
Because U(x) and U˜(kx) have the same mathematical
structure, (14) can be directly applied to find the propagation
of the 2ν-order moment σ˜ (2ν) of the power spectrum through
ABCD systems, we obtain
t σ˜
(2ν) = tσ (2ν)(P˜, S˜, ζ˜ )/k2, S˜ ≡ − Im(q)/k. (32)
3.3. Overlap between beams with different parity
Unlike the overlap between Cartesian beams with the same
parity, the overlap between beams with different parity (10a)
cannot be expressed in terms of the overlap of the Circular
beams. To determine it, we start by replacing the beam
expressions (2) into (10a), we then make the change of
variables t = r 2, and apply (2.2) of [13] to get the following
explicit expression
eoσ
(2ν)
1,2 =
[
1 − (−1)2ν
2
]
eζ1 oζ
∗
2
S1+ν12
√
P∗2 (ν + 1)
× F2
(
ν + 1; β1, β∗2 ;
1
2
,
3
2
; P1
S12
,
P∗2
S12
)
, (33)
for Re(ν+1) > 0. Note that (33) vanishes for 2ν = 0, 2, 4, . . ..
4. ABCD formulation for higher-order moments of
general operators
As happens for the Circular beams [1], also in the case
of Cartesian beams it is possible to establish a general
ABCD formulation of higher-order moments employing a
general operator formalism. The propagation of moments
of the Wigner distribution function through first-order optical
systems has been studied by several authors within the context
of the Lie algebra based approach to optics [15–21]. In
particular, the propagation laws for the second- and fourth-
order moments follow as particular cases of the general
transfer law, proposed by Onciul [17] for moments up to
fourth-order and later generalized to higher-order moments
by Dragoman [18]. In this section we include the explicit
expressions for the second- and fourth-order moments of
Cartesian beams in terms of the beam parameters at a given
initial plane of an ABCD system. These moments can be
propagated through the systems by applying the rules studied
in [18].
4.1. Definition of the second- and fourth-order operators and
moments
Let xˆ = x and pˆx = (1/ik)∂/∂x be the transverse position and
momentum operators. The following second-order operators
are defined in terms of xˆ and pˆx ,
ρˆ ≡ xˆ · xˆ = x2, (34a)
τˆ ≡ xˆ · pˆx + pˆx · xˆ
2
= 1
i2k
(
x
∂
∂x
+ ∂
∂x
x
)
, (34b)
κˆ ≡ pˆx · pˆx = − 1
k2
∂2
∂x2
, (34c)
where the commutation relations for ρˆ, τˆ , and κˆ hold
[ρˆ, τˆ ] = (i2/k)ρˆ, (35a)
[κˆ, τˆ ] = −(i2/k)κˆ, (35b)
[κˆ, ρˆ] = −(i4/k)τˆ . (35c)
Let 〈
αˆ
〉 = 1
σ (0)
∫ ∞
−∞
U∗(αˆU) dx, (36)
be the normalized expectation value of the operator αˆ taken
with respect to the function U(x), where σ (0) = ∫ ∞−∞ |U |2 dx
is the power of the beam U(x).
The normalized second-order moments 〈ρˆ〉, 〈τˆ 〉, and 〈κˆ〉
of the Cartesian beam can be physically interpreted as follows:
(i) 〈ρˆ〉 = σ (2)/σ (0) is the normalized second-order intensity
moment of the beam.
(ii) 〈τˆ 〉 takes an integral representation 〈τˆ 〉 = (1/σ (0)) ∫ ∞−∞
xpx dx with px(x) = Im[U∗(dU/dx)] being the
transverse component of the momentum density. The
value of 〈τˆ 〉 is related to the net momentum flowing in the
transverse direction at the observation plane. The beam
waist corresponds to the condition 〈τˆ 〉 = 0. Positive
(negative) values of 〈τˆ 〉 mean that the beam is diverging
(converging) as it propagates in the positive z direction.
(iii) 〈κˆ〉k2 = σ˜ (2)/σ (0) is the normalized second-order moment
of the Fourier transform U˜(kx) of the beam, i.e. σ˜ (2) =∫ ∞
−∞ k
2
x |U˜ |2 dkx .
The explicit expressions for the values 〈ρˆ〉0, 〈τˆ 〉0, and 〈κˆ〉0
at the input plane in terms of the parameters of the Cartesian
beam can be straightforwardly obtained from (33) and (34)
of [1] by making the replacement m → t − 1, namely⎡
⎢⎣
〈
ρˆ
〉
0〈
τˆ
〉
0〈
κˆ
〉
0
⎤
⎥⎦ = Re
{[ 1 1 1
1/q∗0 1/q
∗
0 (1/q0 + 1/p∗0)/2|1/q0|2 1/q∗20 1/q0 p∗0
]
×
[ J
K
L
]}
, (37)
where
J ≡ t
S0
, (38a)
K ≡ 2βP0
S0(S0 − P0) , (38b)
L ≡ β
t2
P0K ∗
|P0|
tσ
(0)
β+1
t−1σ (0)β
. (38c)
The propagation laws of the normalized second-order
moments 〈ρˆ〉, 〈τˆ 〉, and 〈κˆ〉 through an ABCD system can
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be obtained applying the known theory of the phase-space
distributions [15–21], we have
⎡
⎣
〈
ρˆ
〉
〈
τˆ
〉
〈
κˆ
〉
⎤
⎦ =
[ A2 2AB B2
AC AD + BC BD
C2 2CD D2
][ 〈ρˆ〉0
〈τˆ 〉0
〈κˆ〉0
]
. (39)
Equation (39) permits the evaluation of the propagation of the
second-order moments of a Cartesian beam through a paraxial
ABCD system once their initial values are known.
In a similar way, the propagation rules through the ABCD
system for the fourth-order moments of a Cartesian beam are
found to be [18, 20]
W =
⎡
⎢⎢⎢⎣
A4 4A3B 6A2B2
A3C A2(AD + 3BC) 3AB(AD + BC)
A2C2 2AC(AD + BC) A2D2 + 4ABCD + B2C2
AC3 C2(3AD + BC) 3CD(AD + BC)
C4 4C3D 6C2D2
4AB3 B4
B2(3AD + BC) B3D
2ABD(AD + BC) B2D2
D2(AD + 3BC) BD3
4CD3 D4
⎤
⎥⎥⎥⎦W0, (40)
where W denotes the vector of fourth-order moments
W ≡
⎡
⎢⎢⎢⎣
〈ρˆ2〉
〈ρτ 〉
〈ˆ〉
〈τκ〉
〈κˆ2〉
⎤
⎥⎥⎥⎦ , ˆ ≡
ρκ + 2τˆ 2
3
, (41)
with the expectation values defined as
〈ρτ 〉 ≡ 〈ρˆτˆ + τˆ ρˆ〉/2, (42a)
〈ρκ〉 ≡ 〈ρˆκˆ + κˆρˆ〉/2, (42b)
〈τκ〉 ≡ 〈τˆ κˆ + κˆ τˆ 〉/2. (42c)
Like the second-order moments, the explicit expressions for
W0 in terms of the parameters of the Cartesian beam can be
straightforwardly obtained from (40) to (43) of [1] by making
the replacement m → (t − 1).
4.2. Invariants depending on the beam moments
The identification of quantities, named invariants, that are
conserved upon propagation is of importance because they
can be understood as intrinsic characteristic parameters of the
beam [20]. In this subsection we identify some basic invariants
of Cartesian beams that come from combinations of the lower-
order moments discussed so far.
(i) The simplest invariant is naturally the beam power
σ 0 (18).
(ii) In terms of the second-order moments (39), we have the
following invariant:
〈ρˆ〉〈κˆ〉 − 〈τˆ 〉2 = cons, (43)
that, as we will see later, is directly related to the so-called
M2 quality factor of the beam.
(iii) In terms of the fourth-order moments (41), we identify the
following invariants:
〈ρκ〉 − 〈τˆ 2〉 = cons, (44)
〈ρˆ2〉〈κˆ2〉 − 4〈ρκ〉〈τκ〉 + 3〈ˆ〉2 = cons. (45)
The physical interpretation of the fourth-order invariants
is currently under study by the authors.
5. Characterization parameters
Finally, we remark that our formalism allows to calculate
relevant characterization parameters of the Cartesian beam and
therefore of all its special cases mentioned in the Introduction.
Particular examples of these parameters are the following:
5.1. Factor M2
The known beam quality factor M2 is given in terms of the
normalized second-order moments 〈ρˆ〉, 〈τˆ 〉, and 〈κˆ〉 according
to
M2 = k
√
〈ρˆ〉〈κˆ〉 − 〈τˆ 〉2. (46)
For a particular plane where 〈τˆ 〉 = 0 (i.e. at the waist of the
beam), the factor M2 reduces to
M2 = k
√
〈ρˆ〉〈κˆ〉 =
√
σ (2)σ˜ (2)
σ (0)σ˜ (0)
. (47)
Replacing the corresponding values of the intensity moments
from (14) and (32) we can express the factor M2 in terms of
the Appell hypergeometric functions as follows:
M2 = t
∣∣∣∣ q0Im(q0)
∣∣∣∣
t{[
F2
(
t + 1; β, β∗; t, t; P0
S0
,
P∗0
S0
)
× F2
(
t + 1; β, β∗; t, t; P˜0
S˜0
,
P˜∗0
S˜0
)]
×
[
F2
(
t; β, β∗; t, t; P0
S0
,
P∗0
S0
)
× F2
(
t; β, β∗; t, t; P˜0
S˜0
,
P˜∗0
S˜0
)]−1}1/2
, (48)
where from (4) and (17) we have
P0
S0
= i
2 Im(1/q0)
(
1
p0
− 1
q0
)
, (49)
and from (30) and (32) we have
P˜0
S˜0
= i(p0 − q0)
2 Im(q0)
. (50)
As a concrete example of application of (48) we calculate
the M2 factor of the generalized Hermite–Gaussian beam
gHGN (x; q0, p0) whose definition is given in the appendix
(see (A.11)). In figure 1 we show the behavior of M2 of the
gHG beam with q0 = −izR in the interval p0 = [−i8zR, i8zR]
for several values of the order N = 0, 1, 2, . . .. The case
N = 0 is actually the one-dimensional Gaussian beam whose
factor M2 = 1/2 does not depend on the parameters (q0, p0).
The special value Im(p0)/zR = 1 corresponds to the standard
Hermite–Gaussian beam for which M2 = N + t . For large
values of | Im(p0)/zR | the gHG beam tends to the elegant HG
beam and the curves of M2 tend to (A.10) [22].
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Figure 1. Factor M2 of the generalized Hermite–Gaussian beam
gHGN=0,1,2,...(x; q0, p0) with q0 = −izR .
5.2. Kurtosis
The kurtosis parameter for Cartesian beams is defined as [24]
K = 〈ρˆ
2〉
〈ρˆ〉2 =
〈x4〉
〈x2〉2 =
(σ (4)/σ (0))
(σ (2)/σ (0))2
= σ
(0)σ (4)
[σ (2)]2 , (51)
and describes the degree of flatness (or sharpness) of the beam
intensity distribution. Replacing the corresponding values
of the intensity moments from (14) we obtain after some
straightforward simplifications the general expression of K in
terms of the Appell hypergeometric functions, namely
K =
(
t + 1
t
)
× F2
(
t; β, β∗; t, t; PS , P
∗
S
)
F2
(
t + 2; β, β∗; t, t; PS , P
∗
S
)
[
F2
(
t + 1; β, β∗; t, t; PS , P
∗
S
)]2 ,
(52)
where P and S depend on propagation according to (4)
and (17), respectively.
5.3. The embedded Gaussian beam
Having calculated the M2 parameter of a Cartesian beam, one
can envision an ‘embedded’ Gaussian beam with a generalized
complex radius of curvature Q defined as [26]
1
Q
≡ 〈τˆ 〉〈ρˆ〉 + i
M2/k
〈ρˆ〉 . (53)
Using (39) it can be demonstrated that the transformation of
Q undergone when passing through the ABCD system is the
conventional bilinear transformation
Q = AQ0 + B
CQ0 + D . (54)
By rewriting 1/Q = 1/R + i2/kw2, we determine the
equivalent beam radius w = (2〈ρˆ〉/M2)1/2, and the radius
of curvature R = 〈ρˆ〉/〈τˆ 〉 of the spherical wavefront of the
embedded Gaussian.
6. Conclusions
We have demonstrated in this work that closed-form
expressions for the overlap and the 2ν-order intensity moments
of Cartesian beams can be written in terms of the Appell
hypergeometric function F2. These expressions allow one to
calculate relevant beam parameters such as the higher-order
moments, the normalizations, the M2 factors, the kurtosis
parameters, and the expansion coefficients between all the
relevant special cases of Cartesian beams included in table A.1.
It was also possible to determine the explicit expressions for
the second- and fourth-order moments of the Cartesian beam
in terms of its parameters at a given initial plane of the
ABCD system, and with these it was possible to calculate its
propagation thorough systems.
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Appendix. Special cases of the Cartesian beam
For reference purposes, in table A.1 we show a list of known
special cases of the Cartesian beam and the corresponding
values of the beam parameters (β, q0, p0) at the initial plane
z = 0. Intensity and phase patterns at the planes z = 0 and
z = 1.5zR and along the plane (y, 0  z  1.5zR) for several
special cases of the Cartesian beam are shown in figure A.1.
The two-dimensional beams are constructed with the product
t1Uβx (x; qx, px) t2Uβy (y; qy, py). (A.1)
The explicit expressions of the beams, the powers tσ 0,
and the M2 factors for some of the special cases are given
below. In all cases, the expressions are obtained replacing
the values included in table A.1 into (2), (18), and (46). The
corresponding normalization constant can be calculated with
(tσ
0)−1/2. The parity parameter is given by
t ≡
{
1/2, for even (e) beams,
3/2, for odd (o) beams.
(A.2)
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Figure A.1. Intensity and phase patterns at the planes z = 0 and z = 1.5zR and along the plane (y, 0  z  1.5zR) for several special cases
of the two-dimensional Cartesian beam t1Uβx (x; qx , px ) t2Uβy (y; qy, py). In these examples we have assumed q0x = q0y = q0 and
p0x = p0y = p0.
(This figure is in colour only in the electronic version)
Table A.1. Special cases of the Cartesian beam tUβ(x, q0, p0).
Special cases β q0 p0 Comment
Gaussian beam [4] 0 q0 − Obtained with eUβ
Standard HGN [23] −n q0 q∗0 N = 2n + (t − 1/2)
Elegant HGN [23] −n q0 ∞ N = 2n + (t − 1/2)
Generalized HGN [4] −n q0 p0 N = 2n + (t − 1/2)
Cosine-Gaussian [5] −n q0 (q−10 − ik2t /2nk)−1 limn→∞ eU ∝ cos(ktr) exp(ikx2/2q0)
Fractional eHGη [8] −η q0 ∞ See derivation below
Lorentz beam [6, 7] −1 ∞ p0 See derivation below
Airy beam [9, 10] −n −ikw2/2 ikw2/2 See derivation below
1D parabolic-Gaussian [3] β −p∗0 (kw20/2)/(h + i) {w0, h} ∈ R
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Standard Hermite–Gaussian beam sHGN [4]
The standard Hermite–Gaussian beam sHGN=2n+(t−1/2)(x; q0),
(n = 0, 1, 2, . . .) is obtained from (2) by replacing the parame-
ters β = −n and p0 = q∗0 . The propagation through an ABCD
system is given by
sHGN (x, z) = ζt 1
(−1)n2N
(t)
(n + t) HN(
√
Px) exp
(
ik
2q
x2
)
,
(A.3)
where P and q are given by (4) and (5), respectively, HN is the
Hermite polynomial of degree N , and
ζt = (A + B/q
∗
0 )
N/2
(A + B/q0)(N+1)/2 . (A.4)
The power and M2 factor are
tσ
(0) = 1|P0|1/2
[(t)]2(n + 1)
(n + t) , (A.5)
M2 = 2n + t = N + 1/2. (A.6)
Elegant Hermite–Gaussian beam eHGN [4, 23]
The elegant Hermite–Gaussian beams eHGN=2n+(t−1/2)(x; q0),
(n = 0, 1, 2, . . .) is obtained from (2) by replacing the
parameters β = −n and p0 = ∞. The propagation through an
ABCD system is given by
eHGN (x) = ζt 1
(−1)n2N
(t)
(n + t) HN (
√
Px) exp
(
ik
2q
x2
)
,
(A.7)
where P and q are given by (4) and (5), respectively, and
ζt = AN/2(A + B/q0)−(N+1)/2. (A.8)
The power and M2 factor are
tσ
(0) =
√
2
k
(t)2(2n + t)
[(n + t)]2 |q0|
1/2
∣∣∣∣ P0S0
∣∣∣∣
2n+t
, (A.9)
M2 =
√
(4N − 1)(2N + 1)
8N − 4 . (A.10)
Generalized Hermite–Gaussian beam gHGN [23]
The generalized Hermite–Gaussian beam gHGN=2n+(t−1/2) (x ;
q0, p0), (n = 0, 1, 2, . . .) is obtained from (2) by replacing
the parameter β = −n. The propagation through an ABCD
system is given by
gHGN (x) =
ζt
(−1)n2N
(t)
(n + t) HN(
√
Px) exp
(
ik
2q
x2
)
,
(A.11)
where P and q are given by (4) and (5), respectively, and
ζt = (A + B/p0)
N/2
(A + B/q0)(N+1)/2 . (A.12)
The power is
tσ
(0) = (t)
S0
∣∣∣∣P1/20
(
P0
S0
)t−1( S0 − P0
S0
)2n∣∣∣∣
× F
(
−n,−n; t;
∣∣∣∣ P0S0 − P0
∣∣∣∣
2)
. (A.13)
The M2 factor of the gHG beam is given by (48) with
β = −n.
Fractional-order elegant Hermite–Gaussian beams
fr-eHGη [8]
The fractional-order elegant Hermite–Gaussian beam of order
η ∈ R corresponds to the ηth fractional derivative of the
Gaussian function and are obtained by the superposition
fr-eHGη(x, q0, p0) ≡ cos
(
πη
2
)

(
1 + η
2
)
eU−η(x; q0,∞)
− sin
(
πη
2
)
η
(
η
2
)
oU−η(x; q0,∞). (A.14)
Cosine-Gaussian and Cosh-Gaussian beams CG [5]
At z = 0, the cosine-Gauss beam is obtained from the
Cartesian beam tUβ(x, p0, q0) in the following limit:
lim
n→∞ eU−n
(
x; q0, 1
q−10 − ik2t /2nk
)
∝ cos(ktr) exp
(
ikx2
2q0
)
.
(A.15)
The propagation through an ABCD system is given by
CG(x) = (n + 1)√
n(n + 1/2) ζ exp
(
ikx2
2q
)
cos(ζ 2kt x), (A.16)
where ζ = 1/√A + B/q0.
The power and M2 factor are
σ (0) =
[
(t)(n + 1)n(t−1)/2
(n + t)
]2 |P0|1/2
S0
It−1(α)
exp(α)
, (A.17)
M2 =
√[
t + α It (α)
It−1(α)
]2
− α2. (A.18)
where Iκ is the modified Bessel function of the first kind and
α ≡ k2t /(2S0) = k2t /[2k Im(1/q0)] for kt ∈ R.
Lorentz beam LB [6, 7]
We first define the beam
U± ≡ eU1/2(w ± i x,∞, p0) − 2√
π
oU1(w ± ix,∞, p0),
(A.19)
where w is a parameter and
eU1/2(w ± ix) = 1√
A + B/p0 1F1
(
1
2
,
1
2
, P(w ± ix)2
)
,
(A.20)
oU1(w ± ix) =
√
P(w ± ix)2√
A + B/p0 1F1
(
1,
3
2
, P(w ± ix)2
)
.
(A.21)
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The Lorentz beam is obtained by the superposition
LB(x) = U+ + U−. Replacing and using the identity
exp(z2)[1 − erf(z)] = 1F1
(
1
2
,
1
2
, z2
)
− 2z√
π
1F1
(
1,
3
2
, z2
)
,
(A.22)
where erf is the error function, we obtain
LB(x) = exp[P(w + ix)
2]√
A + B/p0
[
1 − erf(√P(w + ix)2)]
+ exp[P(w − ix)
2]√
A + B/p0 [1 − erf(
√
P(w − ix)2)], (A.23)
which is the general case of (15) in [6].
At the initial plane z = 0, for the special case when
w = w0 ∈ R and p0 = −ikw20/2, we obtain
LB(x) = 2√
π
1
1 + (x/w0)2 , (A.24)
σ (0) = 2w0, (A.25)
M2 = 1/√2. (A.26)
which is the case reported in [6, 7] where the distribution at
z = 0 reduces to a Lorentzian function.
Airy beam [9, 10]
The Airy beam Ai(x/κ) is a special case of the Cartesian
beam. The relation of the Airy beam to the standard Hermite–
Gaussian beam is given by
Ai(x/κ) = lim
n→∞ sHGn(x + n, wn), (A.27)
where
wn ≡ 2κn1/6, n = 2κn2/3 (A.28)
sHGn(x, w) ∝ Hn
(√
2x
w
)
exp
(
− x
2
w2
)
. (A.29)
One-dimensional parabolic-Gaussian beam tβ(x) [3,
equation (16)]
The possibility of choosing arbitrary complex values for the
parameters (β, q0, p0) allows us to obtain new meaningful
beam structures from the general expression of the Cartesian
beam (2). For example, the combination of values in the
last row of table A.1 produces new solutions tβ(x) whose
transverse field at z = 0 is given by [3]
tβ(x) = exp
(
− x
2
w20
)
tPα
(
2
√
h
x
w0
)
, (A.30)
where tPα is the parabolic cylinder function of parity t = {e, o}
(section 19.16 of [25]) and parameter α = i(2β − t).
The power and M2 factor of the beam tβ(x) are
tσ
(0)
β = (t)
w0√
2
∣∣∣∣ h
t−1/2
(1 − ih)2β
∣∣∣∣F
(
β, β∗; t; h
2
1 + h2
)
, (A.31)
M2 =
√
u2 − |α|2
1 + h−2 , (A.32)
where
u ≡ t
h
+ 2|β|
2
t2
tσ
(0)
β+1
t−1σ (0)β
. (A.33)
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